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Morphogenèse et brisure de symétrie

Le problème de la morphogenèse pose la question des mécanismes
impliqués dans la di�érentiation cellulaire.

Interprétation générale : brisure de symétrie.

Deux dé�nitions de la symétrie :

I def. positive : même propriété selon une association

I def. négative : impossibilité à discerner deux états ou deux
situations, invariance

ex. la relativité galiléenne est une symétrie
(expérience de pensée de l'homme dans la cale du navire)



Exemples de brisures de symétrie

Belousov-Zhabothinsky (1950)

touslesinsolites.wordpress.com

rides sur le sable

www.kazeo.com

brisure de symétrie temporelles ? ->
expériences de synchronisation de pendules

en général : augmentation de �l'ordre� dans un système dissipatif...

http://touslesinsolites.wordpress.com/tag/belousov-zhabotinsky/
http://www.kazeo.com/sites/fr/photos/130/rides-de-sable-2_130668-XL.jpg


...

Commençons par

la première dimension ...



Automates Cellulaires Élémentaires
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256 règles ; code décimal, ex. majorité = 232w

000 001 010 011 100 101 110 111
0 0 0 1 0 1 1 1

diagrammes espace-temps :
classe I classe II classe III classe IV

250w 50w 90w 54w



α-synchronisme dans les ACE

e�ets divers : robustesse totale, partielle, etc.

 0.01

 0.1

 1

 1  10  100  1000  10000  100000

d
en

si
ty

time

ECA 50 : Log-Log plot of d(t) for different values of alpha

f(t)=K. t ^ -0.1595
alpha=0.626
alpha=0.627
alpha=0.628
alpha=0.629
alpha=0.630

observation densité : percolation dirigée pour 7 ACE (non-équiv.)

et s'il y symétrie par rapport à 0/1 ?...



Exemple : convergence vers un point �xe uniforme

ECA 178 :
000 001 010 011 100 101 110 111
0 1 1 1 1 1 1 0

α = 1.0 α = 50% total. asynch.

seuil critique αc ∼ 0.410 ; pour α < αc �choix� entre 0∗ et 1∗



Exemple : formation de motif

ECA 30 :
000 001 010 011 100 101 110 111
0 1 1 1 1 0 0 0

α = 1.0 α = 50% total. asynch.
seuil critique : αc ∼ 0.65

Autres motifs : (001) ACE 45, (0011) ACE 37



...

passons à la dimension 2...



Premier exemple

règle de minorité :

I prendre l'état minoritaire dans son voisinage

expériences :

I règle synchrone, totalement asynchrone, α-synchrone

I voisinage de von Neumann, Moore, hexagonal



Observations de Regnault et al.

observation �ne de la dynamique de brisure de symétrie :
dynamique rapide / lente

Questions :
I mesure de la transition de phase ? classe d'universalité ?
I généralité du phénomène ?

4846 D. Regnault et al. / Theoretical Computer Science 410 (2009) 4844–4855

Fig. 1. 2D Minority under different α-asynchronous dynamics with N50 = 50 × 50 cells. The last column gives, for α ∈ [0, 1], the empirical probability
that an initial random configuration converges to a stable configuration before time step Ts · N50 where Ts = 1000 and Ts = 2000 for the von Neumann
and Moore neighborhoods respectively.

under the N-neighborhood under certain natural constraint on the initial configuration. Similar results to the ones to be
presented below have been obtained in [19] for the M-neighborhood by extending of the techniques presented here.

3. Analysis of fully asynchronous 2D Minority

We consider now the fully asynchronous dynamics of 2DMinoritywith von Neumann neighborhood. Let n andm be two
positive integers and T = Zn × Zm the n×m-torus. A n×m-configuration c is a function c : T → {0, 1} that assigns to each
cell (i, j) ∈ T its state cij ∈ {0, 1} (0 is white and 1 is black in the figures). We consider here the von Neumann neighborhood:
the neighbors of each cell (i, j) are the four cells (i ± 1, j) and (i, j ± 1) (indices are computed modulo n and m, we thus
consider periodic boundary conditions). We denote by N = nm, the total number of cells.

Definition 1 (Stochastic 2D Minority). We consider the following dynamics δ that associates to each configuration c a
random configuration c � obtained as follows: a cell (i, j) ∈ T is selected uniformly at random and its state is updated to
the minority state in its neighborhood (we say that cell (i, j) is fired), all the other cells remain in their current state:

c �
ij =

�
1 if cij + ci−1,j + ci+1,j + ci,j−1 + ci,j+1 � 2
0 otherwise

and c �
kl = ckl for all (k, l) �= (i, j). We say that a cell is active if its neighborhood is such that its state changes when the cell

is fired.

Definition 2 (Convergence). We denote by ct the random variable for the configuration obtained from a configuration c
after t steps of the dynamics: ct = δt(c); c0 = c is the initial configuration. We says that a configuration c is stable under the
δ dynamics if δ(c) = c (whatever the random bits are). We say that the dynamics δ converges almost surely from an initial
configuration c0 to a configuration c̄ if the random variable T = min{t : ct = c̄} is finite with probability 1. We say that
the convergence occurs in polynomial (resp., linear, exponential) time on expectation if E[T ] � p(N) for some polynomial
(resp., linear, exponential) function p.

As seen in Section 2, any configuration tends to converge under this dynamics towards a stable configuration, i.e., towards
a configuration where all cells are in the minority state of their neighborhood, i.e., inactive.

Checkerboard patterns. We say that a subset of cells R ⊆ T is connected if R is connected for the neighborhood relationship.
We say that R is checkerboard-tiled if all adjacent cells in R are in opposite states. A horizontal (resp., vertical) band of width
w is a set of cells R = {(i, j) : k � i < k+ w} for some k (resp., R = {(i, j) : k � j < k+ w}).

3.1. Energy of a configuration

An important measure of the stability of the system is given by the energy function introduced for instance in [2,9,10].
Each cell is assigned a potential equal to the benefit of switching its state; this potential is naturally defined as the number
of its adjacent cells to which it is opposed (i.e., here, the number of cells which are in the same state as itself); summing
the potentials over all the cells defines the total energy of the configuration at that time. As we consider arbitrary initial
configuration, the system evolves out-of-equilibrium until it (possibly) reaches a stable configuration, thus its energy will
vary over time; in particular, aswill be seen in Theorem4, its energywill strictly decrease each time an irreversible transition
is performed (i.e., each time a cell of potential � 3 is fired). It turns out that this energy function is not sufficient to prove



Autre exemple : jeu de la vie généralisé

Nv : nombre de voisins 1 dans le 8-voisinage, transition :

I naissance (mort → vivant),
si minN ≤ NV ≤ maxN ; reste à mort sinon.

I survie (vivant → vivant)
si minS ≤ NV ≤ maxS ; meurt sinon.

birth survival

code : [minN maxN minS maxS ]L , Jdlv Conway 1970 : [3323]L



Quelques observations éparses

règle : [0323]L

α = 1

α < 0.60

Question : en synchrone, la règle �clignote� : général ?
Question : rayures �parfaites� pour α proche de αc ∼ 0.6 ?



suite Jeu de la Vie étendu : variétés

règle : [0323]L

α = 1 α = .5 idem.

règle : [2525]L

α = 0.80 α = .79 α = .78



maille hexagonale, voisinage de Moore étendu

règle : [3323]L hexagonal (Life)

α = 1.0 α = 50% total. asynch.

règle : [3635]L extended Moore

α = 1.0 α = 555% total. asynch.



Métastabilité (type 1)
def. : l'observation du comportement à court terme ne permet pas
d'inférer le comportement asymptotique

exemple : espace des règles �totalisantes� , voisinage von Neumann

T10 :
s 0 1 2 3 4 5

f (s) 0 1 0 1 0 0

evolutions :

points �xes :



Métastabilité (type 2)

asynchronisme + bruit ; exemple : [0323]L , α = 0.60, ε = 0.1

t = 1000 t = 2000 t = 3000

t = 4000 t = 15000 t = 30000



Questions

L'asynchronisme comme fenêtre sur l'univers des ACP
nombreux types de brisures de symétrie

mécanisme : transitions de phase désordre (partiel) vers ordre

I Quelle classe d'universalité des transitions de phase ?

I Quels motifs peut-on faire apparaitre ?

I Y a-t-il un lien entre motifs et voisinages ?

I Comment étudier les états métastables ?

I Comment explorer exhaustivement ces espaces ?

I Quid du passage à l'in�ni ?



Questions (suite)

Comment expliquer l'origine asymétrie des organismes biologiques ?

problème di�cile ! faut-il remonter au big-bang ?

merci de votre attention


