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FINDING AUTOMATIC SEQUENCES WITH FEW CORRELATIONS

VINCENT JUGEL*® AND IRENE MARCOVICI®

Abstract. Although automatic sequences are algorithmically very simple, some of them have pseudo-
random properties. In particular, some automatic sequences such as the Golay—Shapiro sequence are
known to be 2-uncorrelated, meaning that they have the same correlations of order 2 as a uniform
random sequence. However, the existence of f-uncorrelated automatic sequences (for £ > 3) was left as
an open question in a recent paper of Marcovici, Stoll and Tahay. We exhibit binary block-additive
sequences that are 3-uncorrelated and, with the help of analytical results supplemented by an exhaustive
search, we present a complete picture of the correlation properties of binary block-additive sequences
of rank r < 5, and ternary sequences of rank r < 3.
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1. INTRODUCTION

A k-automatic sequence is a sequence that can be computed by a finite automaton in the following way: the
nth term of the sequence is a function of the state reached by the automaton after reading the representation
of the integer n in base k. Alternatively, a k-automatic sequence can also be described with the help of an
infinite fixed point of a k-uniform morphism. We refer to the book of Allouche and Shallit [1] for a complete
survey on automatic sequences. It is known that some automatic sequences present pseudo-random properties.
In particular, a succession of works [2—4] has shown that different generalisations of the Golay—Shapiro sequence
(also known as the Rudin—Shapiro sequence, see Ex. 3.4) have the same correlations of order 2 as a sequence of
symbols chosen uniformly and independently at random. On the other hand, as the subword complexity of an
automatic sequence is at most linear (see [1], Sect. 10.3), it is clear that automatic sequences cannot look “too
much” like random sequences. In this work, we continue to address the question of “how random” an automatic
sequence can look.

As in the references cited above, we focus on block-additive automatic sequences [3, 5, 6], also known as
digital sequences [7]. They are obtained by sliding the representation of the integer n in base k with a window of
length r, and summing the weights of the subwords read, for a given weight function; see Section 2 for a formal
definition.
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2 V. JUGE AND I. MARCOVICI

In [3], the existence of a block-additive sequence being f-uncorrelated for an integer ¢ > 3 (i.e., having
the same correlations of order ¢ as a uniform random sequence) was left as an open question. In
Section 3, we prove that, when ¢ is even, a binary block-additive sequence is f-uncorrelated if and only if it is
(£ + 1)-uncorrelated (Thm. 3.3). As a consequence, all the binary sequences that are known to be 2-uncorrelated
are also 3-uncorrelated.

Then, in Section 4, we present a semi-decision algorithm providing a criterion for being ¢-correlated (Alg. 1
and Thm. 4.1). Conversely, Section 5 provides new explicit criteria to ensure that a function is 2-uncorrelated.
These criteria are based on a broadening of the notion of fibre introduced in [3], and extend the difference
condition that was defining the previous generalisations of the Golay—Shapiro sequence. Combining these results,
an exhaustive search allows us to obtain a complete description of the correlation properties of binary block-
additive sequences of rank r < 5, and ternary sequences of rank r < 3 (Thm. 5.13). Finally, we complete the
panorama of uncorrelated sequences by giving in Section 6 some relations between uncorrelated sequences, and
we conclude by some discussion and open questions in Section 7.

2. DEFINITIONS

Below, let N denote the set of non-negative integers. For all integers k > 0, let ¥ denote the set
{0,1,...,k — 1} and let Zj, denote the set Z/kZ. For all finite sets .7, let || denote the cardinality of .7, i.e.,
the number of elements of ..

In general, let O (resp., 1) denote a tuple whose coordinates are all equal to 0 (resp., to 1), and let 1; denote
a tuple whose ith coordinate is 1 and the other coordinates are 0; the dimension of the tuple is left implicit.
Moreover, given a sequence (uy)n>o and a tuple 6 = (41,02, ...,d¢) of non-negative integers, let u, s denote
the tuple (Unts,, Untsy, - - -, Unts, ). We also say that d is increasing if 9 < d2 < --- < g, and that & is initial
if it is increasing and §; = 0.

Finally, for all integers n > 0 and k > 1, let (n mod k) denote the unique element z € Xy, such that &k divides
n—x. If k> 2, let (n); denote the little-endian representation of n in base k, i.e., the unique sequence (z;);>0
with values in ¥; such that

n= lek’

i>0

Definition 2.1. Let k > 2 and r > 1 be integers, and let f: ¥} — Zj be a function such that f(0) = 0. For all
n = 0, let u, be the element of Z;, defined by

Un =Y f(@i Tit1, o Tigro1),

i>0

where (x;);>0 = (n). The sequence (uy,),>0 is said to be block-additive in base k with rank r, and we say that
this sequence is associated with the function f.

The block-additive sequence (u,)n>0 associated with a function f also has the following characterisation.

Remark 2.2. Let &7 be the automaton over the alphabet ¥, with state set Q = Z; x E;_l, initial state
go = (0,0) and transition function A: Q x X — @ defined by

A (v, (1,29, &)y i) = (V+ i, 21,29, X)), (1,21, T2, ..., Tpeg)).
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The value of u,, is obtained by letting the automaton < read the infinite word (x;);>0 = (n)x from right to left

(because we us little-endian representations):! &/ goes through each tuple (z;, Z;y1,..., it r_1), stores its r — 1
coordinates (x;, ;y1,...,Zirr—2) and accumulates, in the first component of each state, the sum of the values
of f(x;,Tit1,...,Titr—1) it has already encountered.

Let ¢: @* — Q* be the morphism of monoids that sends a state s € @ to the word ¢(s) =
A(s,0)A(s,1) ... A(s,k — 1) € Q*. Projecting on their first component the letters of the infinite fixed-point
#*(qo) € QY provides us with the infinite word ugujus ..., which we identify with the sequence (uy,)n>0 itself.
The automaton . is said to generate the sequence (uy)n>0-

Definition 2.3. Let £ > 1 be an integer and let . be a finite set. Given a sequence u = (u,,)n>0 with values
in .7, an increasing tuple § € N¢ and a subset S of .7 called a pattern set, we introduce the set

ZX(S) = {n € N: up,s € S}.

We define the frequency of the pattern set S in the sequence (Upn46)n>0 as the real number

faf(s) = lim

|Z5'(S) N XN
N )
when this limit exists.
Note that, if the automaton &7 that generates u is strongly connected, the sequence u is a morphic primitive
sequence, which ensures that all the densities are well-defined.
We say that u is f-uncorrelated if freqy (S) = |S|/|-7|* for all tuples § and all sets S C .7*. Otherwise, we say
that u is £-correlated.

A sequence whose terms are chosen independently and uniformly at random in Z, is almost-surely
l-uncorrelated for every integer ¢ > 0. However, no automatic sequence, and in particular no block-additive
sequence, can be f-uncorrelated for every £ > 0, since this would in particular require the sequence to be
normal, while the subword complexity of an automatic sequence is at most linear.

3. CORRELATIONS, BLOCK-ADDITIVITY AND BASE 2

It follows from Remark 2.2 that, if the automaton <7 that generates the block-additive sequence u is strongly
connected, all the letters of ¥y (i.e., patterns of length 1) have a well-defined frequency in u. Furthermore,
this frequency is equal to 1/k. Indeed, each state in @ is the target of k edges from 7, so that the uniform
probability measure on @ is the unique stationary measure of the Markov chain associated with &7, where each
edge has weight 1/k. We extend this argument to prove that this property still holds for the subsequences of u
of the form (uy xon)n>0, as stated in the lemma below.

Lemma 3.1. Let (up)n>o0 be a block-additive sequence in base k > 2 whose generating automaton is strongly
connected. For all integers a > 0, b > 0 and all s € Zy,,

lim {n € Tn: ugirbn = S} _1
NS+oo N '

Proof. First, observe that if the result is true for some pair (a,b) with a > k°, then it is also true for the pair
(a — Kk b). So, we can assume without loss of generality that a < kb. The sequence (uq gy )n>0 is a result of
a process very similar to the one described in Remark 2.2. Let us consider the automaton & that generates u.

TThis procedure is well-defined because (4)i>0 ends with 0 terms only, and the automaton does not leave its initial state when

reading a 0. Alternatively, we might truncate the sequence (z;);>0 at least r positions after its rightmost non-zero term, and let
the automaton read the resulting finite word from right to left.
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Instead of transforming the word ¢“(go) into the sequence (u,)n>0 by using directly the projection 7 on the
first component, we use the morphism 7, 3: ) — Z;, defined by

Tap =TOA(-,00) 0 A(-, 1) 00 A(+, p—1),

where (o;)i>0 = (a), and each function A(-, ) is identified with a function from @ to itself.

Since &7 has a self-loop around the state qg, and identifying .o/ with a Markov chain M in which each edge
has probability 1/k, this Markov chain is ergodic. Then, since each state in @ is the target of k edges from <7,
the uniform probability measure on @) is the unique stationary measure of M. Consequently, the letters of the
infinite word ¢“(qg) have the same density.

Moreover, the relations

Ta,b(u; T1,T2, ... 7xr) =u-+ Ta7b(07x17x27 sy mT)a
hold for all states (u,z1,22,...,2,) € Q, which proves that all elements of Zj; have the same number of
antecedents by 7,5. Hence, the k possible letters of the word 7,5 © ¢“(¢0) = (Ugbnia)n>o all have the same
density. O

From this lemma, we derive the following characterisation of f-uncorrelated block-automatic sequences.

Proposition 3.2. Let u = (uy)n>0 be a block-additive sequence in base k > 2, and let £ > 2 be an integer. The
sequence u is £-uncorrelated if and only if

u 1
freqs(s + Zx1) = s

for all initial tuples § € N and all tuples s € Zi, where s + Zx1 denotes the set {s+x1: x € Z}.

Proof. The “only if” part is a direct consequence of Definition 2.3. Thus, we focus on the “if” part. Let u be a
sequence that meets the requirements of Proposition 3.2. We wish to prove that u is ¢-uncorrelated.

First, we prove that the automaton & that generates u is strongly connected. To do this, it is sufficient to
show that, for all x € Zj, the state (z,0) is accessible from the initial state ¢y = (0,0).

Let r be the rank of u, and let § be an initial tuple such that d» = k"~!. Since we assumed that
freqy(1e + Zil) = B > 0, there exists an integer n and an element ¢t of Zj; such that w, = t and
Upypr—1 = t + 1. Noting (x;);>0 and (z);>0 the representations of n and n + k"~! in base k, we observe
that z; = «} for all ¢ < r — 2. Thus, both states ¢1 = (¢, (0, %1,...,2r—2)) and g2 = (t + 1, (x0, %1, ..., Tr—2))
are accessible in /. Then, starting from ¢; and following r — 1 times the transition with label 0, we arrive in a
state (y,0); starting from ¢o, we would have arrived in the state (y + 1, 0).

Consequently, the set 4 = {x € Zy: (x,0) is accessible from 0 in &7} contains both y and y + 1. Since ¢ is
a subgroup of (Zg,+), it must coincide with Zj, itself, and <7 is strongly connected.

Now, let § = (91,02, ..,0¢) € N be an arbitrary initial tuple. Then, consider an element s = (s1, 52, . . ., 5¢)
of Z¢ and a real number € > 0. Let b > log, (6¢/¢) be an integer such that

| DR (s + Zp1) N S poer | = (K17 — £)ROTT

Finally, let . be the set of integers n > 0 such that (n mod k%) € Y—eyrb-

For every integer n € .7, and since (1 — ¢)k® < k® — &, the value of the tuple u, s — u, 1 depends only
on (n mod k**7); indeed, for all i < /£, only the b least significant bits of n + &; may differ from those of n.
Consequently, for all integers a € . N Z§(s + Z;1) N Tye+- and all integers n > 0 such that a = (n mod k**7),
we have u,4s = s as soon as u, = s1. Furthermore, since .2/ is strongly connected, Lemma 3.1 proves that there
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exists an integer Ny such that

Hn € TN : ugpotrn = 1} < 1—c¢
=
N k

for all integers a < k" and N > Nj.

Finally, consider an arbitrary integer M > kT" Ny, and let N = | M/k**"|. The set . N D (s + Zx1) N Sjorr
contains at least (k'~¢ — )kt — ke > (k=f —)kb*"+! elements a and, for each such a, the set .’ N ¥, contains
at least (1 — &) N/k integers n for which a = (n mod k") and u,, = s1. It follows that

175 ({s}) N Xm| = |25 ({s}) N N 2|

>
>(1—e)k~t —e)k""N
> (1—¢e) (k™" —e)(M — k).

We conclude that freqy({s}) > k¢ by choosing ¢ arbitrarily small and M arbitrarily large. This inequality
being valid for the k* elements s of Z{, it is in fact an equality. Finally, summing these equalities for all s € S
proves that freqy(S) = |S|/k". O

Theorem 3.3. Let ¢ be an even positive integer and let u be a block-additive sequence in base 2. This sequence
is L-uncorrelated if and only if it is (£ + 1)-uncorrelated.

Proof. First, every (¢ + 1)-uncorrelated sequence is clearly f-uncorrelated. Conversely, let u be an ¢-uncorrelated
block-additive sequence in base 2, let § € N*! be an increasing tuple, and let s be an element of Zgﬂ. Let |s|;
denote the number of entries equal to 1 in the tuple s, i.e., |s|; = [{i: s, = 1}|.

Since u is f-uncorrelated, we know that freqy(s) + freqy (s + 1;) = 27 for all tuples s € Z5! and all integers
i < £+ 1. Hence, and since £+ 1 is odd, an immediate induction on [s|; proves that freqy(s) = freqs(0) if |s|;
is even, and that freqj (s) = freqs (1) otherwise. It follows that

freqy (s + Z21) = freqy (Z21) = 2t

for all s € Zg“, and Proposition 3.2 then proves that u is (¢ 4+ 1)-uncorrelated. O]

We prove now, by giving two examples, that the conclusions of Theorem 3.3 are no longer ensured if £ is odd
or if (up)n>0 is block-additive in a base k > 3. These examples also serve as toy cases for Theorem 4.1 below.

Example 3.4. Let (un)n>0 € X5 be the block-additive sequence associated with the function f: X3 +— Zy
defined by f(z1,z2) = z1x2. This sequence is known as the Golay—Shapiro or Rudin—Shapiro sequence [8],
Remark 1. It is both 3-uncorrelated and 4-correlated.

Proof. 1t is known (see [9] and the subsequent generalisations [2—4]) that (uy,)n>0 is 2-uncorrelated, and thus
Theorem 3.3 proves it is also 3-uncorrelated. Consider the tuples 6 = (0,1,2,3) € N* and s = (0,0,0,1) € Z3.
Let (x;)i»0 = (n)2 be the representation of an integer n in base 2. If n € 8N, i.e., if zy = x1 = 22 = 0, one
checks that

Up = Uptl = Upj2 = Upy3 — 1 = E TiTiy1-

i>3

This shows that w, s = s+ u, 1, i.e., that n € Z§(s + Z21). One checks similarly that n € Z§'(s + Z,1) if
n € 16N + 11. Hence, freqy (s + Z21) > 3/16 > 273, so that (u,),>0 is 4-correlated. O

Example 3.5. Let (vp)n>0 € Y be the block-additive sequence associated with the function f: $2 s Z3
defined by f(z1,x2) = z122. The sequence (vy,),>0 is both 2-uncorrelated and 3-correlated.
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Proof. It is known (same references as above) that (v,),>0 is 2-uncorrelated. Consider the tuple
d =(0,1,2) e N3 and let (;);>0 = (n)s be the representation of an integer n in base 3. If n € 9N, i.e., if
zo = x1 = 0, one checks that

Un = Un41 = Uny2 = g TiTi41;
i>2

this proves that n € Z§(Z31). Similarly, n € 23 (Z31) whenever n € 27N + 1. It follows that freqy(Z31) >
4/27 > 372, so that (vy)n>0 is 3-correlated. O

4. DETECTING CORRELATIONS

In this section, we focus on the following problem. Given an integer ¢ > 1 and a block-additive sequence
u = (Up)n>o in base k > 2, is u f-correlated? We provide two partial results. First, we propose an algorithm
for detecting f-correlations, when they exist. This algorithm extends the method used for the sequences of
Examples 3.4 and 3.5. Second, we propose a criterion that is sufficient for being 2- or 3-uncorrelated when k = 2.

Theorem 4.1. Algorithm 1 is a semi-decision algorithm for deciding if a given block-additive sequence is
L-correlated. More precisely, when given integers k > 2, r > 1, £ > 1 and a function f: X}, — Zy, such that
f(0) = 0 as input, Algorithm 1 eventually returns true if the block-additive sequence associated with f is
{-correlated; otherwise, it Tuns forever.

Algorithm 1: Detecting /-correlations in block-additive sequences
Input : Integers k> 2,r>1and ¢ > 1.
Function f: ¥, — Zj, such that f(0) = 0.
Result : true if the block-additive sequence (uy)n>0 associated with f is ¢-correlated.

form=1,2,3,...:
for all initial tuples & = (61, ..., d,) € N’ such that §, < m:
for all ¢-tuples s = (s1,...,8¢) € Zf; such that sy = 0:
c(s)«+0
forn=0,1,... k™" —1:
if (n mod k™) € Egm_py ¢
S 4 Up+s —Up 1l
c(s) «c(s)+1
if c(s) > kmtrHi=t:
return true

Proof. Let u = (up)n>0 be the block-additive sequence associated with the function f. For all m > 1, let
Im ={n € N: (nmod k™) € pm_, }.
Provided that §, < m, then, for all integers n € .%,,, the value of u, 15 — uy 1, i.e., the tuple s € Z¢ such that
s1 =0 and n € Z§(s + Zi1), depends only on (n mod k™).
If u is l-correlated, Proposition 3.2 proves that there exists a tuple s € Zf; and an initial tuple 6 € N¢ such
that freqy (s + Zx1) # k'~*. Since the average of these densities is k' ¢, the largest one is larger than k'~ i.e.,

freqy (s + Zp1) > k' F + 2¢

for some tuple s € Zf; and some real number € € (0,1). Without loss of generality, we even assume that s; = 0.
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Consider some integer m > ¢y such that ¢ > m/k™ and
| DR (s 4+ Zi1) N Spmar| = (K178 4 )™

By construction, s = u, 45 — u, 1 for each integer n € Z§(s + Z;1). Moreover, at most mk” elements of
D3 (s + Zi1) N Bgm+r belong to N\ ;. The

(klff + E)karr —mk" > km+r+1712

(or more) remaining elements all contribute to incrementing the counter c(s), and thus Algorithm 1 returns
true.

Conversely, if Algorithm 1 returns true, there exist an increasing tuple § € N¢, a tuple s € Zf; and an integer
m such that

|t§ﬂm N -@;(S + Zkl) N Ek7n+7»| > k.m+r+17g.
But then, every integer n such that (n mod k™*") € .7, N Z§ (s + Zi1) belongs to Z§ (s + Zj1), and therefore
freql(s + Zy1) > kM= pmtr = 1=t -

5. CONSTRUCTING 2-UNCORRELATED FUNCTIONS

A difference condition, sufficient for ensuring that a block-additive sequence of rank r = 2 is 2-uncorrelated,
was developed in [3]. In this section, we extend that condition, and we identify some cases where our extended
condition is also necessary. This condition is based on the notion of fibres.

Definition 5.1. A partition of N into a collection of finite sets (%, )zecx is called a fibration if it satisfies the
criterion C; below; the sets .%, are then called fibres.

Cy: The proportion of elements of X5 that belong to a part %, included in X is arbitrarily close to 1 when
N grows arbitrarily; in other words,

. neXy:3dz e Xst.ne F, and Z, C En}|
1m =

1.
N—+oo N

Then, let £ > 2 and § > 1 be integers, and let u be a block-additive sequence in base k. We say that a finite
subset . of N is d-balanced for u if it satisfies the criterion Cy below.

Cy: The k subsets {n € % : u,4s5 — u, = d} obtained when d € Zj, have the same cardinality.
Finally, we say that a fibration (%, ).cx is d-balanced for u if each fibre %, is §-balanced for u.

Proposition 5.2. Let k > 2, and let u be a block-additive sequence in base k. The sequence u is 2-uncorrelated
if and only if it admits a §-balanced fibration for all 6 > 1.

Proof. Let 6 > 1 be an integer, let § = (0,4), and let £ > 0 be an arbitrary positive real number. For all d € Zj,
let Sq denote the subset (0,d) + Z;1 of Z3.

First, if u is 2-uncorrelated, we know that freqs (Sq) = 1/k for all d € Zj. This means there exists an integer
N > 0 such that |Z5'(Sq) N Epn] = (1 — e)m/k for all integers m > N. In particular, the set 2§ (S,) is infinite.

For each integer z > 1, let .7, be the set that contains the z'! smallest elements of each of the k sets Z§(S4).
The collection (%, ),>1 forms a partition of N and each set %, clearly satisfies Co. Moreover, for all m > N, at
least (1 — &)m elements of 3, belong to some set %, that is included in X,,. Hence, C; is also satisfied, and
(Z2)z>1 1s a d-balanced fibration for u.



8 V. JUGE AND I. MARCOVICI

Conversely, assume that u admits a d-balanced fibration for all integers d > 1. Consider some tuple § = (91, d2)
such that 0 = §; < 82, and let (Z,).cx be a do-balanced fibration for u. Then, let s be a tuple in Z%, and let
d = s9 — s1. Finally, for all N > 0, let Qn be the set {x € X: #, C X n}. By criterion Cy, for every € > 0, and
if N is large enough, we know that > o |#.| > (1 —¢)N. It follows, for such integers N, that

|25 (s +Zr)NEN| = |{n € N : Upts — up = d}|

> Z Hn € Fo: tnys — up = d}|
zEQN

> Y | Zl/k
zeQN

> (1 - €)NJ/k.

This inequality being valid for all tuples s € Z? and for arbitrarily small values of e, it follows that
freqy (s + Zx1) = 1/k. By Proposition 3.2, this implies that the sequence u is 2-uncorrelated. O

Aiming to simplify the problem of deciding whether u is 2-uncorrelated, we look for simple fibrations. The
conditions we are looking for are threefold: (i) the fibres into which N is partitioned should be as simple as
possible; (ii) there should be a finite algorithm for checking whether u admits such a J§-balanced fibration;
(iii) all known cases of 2-uncorrelated sequences should admit such a §-balanced fibration.

Definition 5.3. Let £k > 2, ¢ >0, b > 0 and § > 1 be integers. Given an integer n > 0, let (x;);>0 = (n); and
(yi)izo = (n + 0)1 be the representations of n and n + ¢ in base k, and let cx(n,n + §) = max{i € N: z; # y;}
be the carry distance of n and n + 4.

We call (k,a,b,d)-fibre of n the set Fy q,5(n) that consists of those integers m > 0 whose representation
(zi)i>0 in base k satisfies the equality x; = z; whenever i < cx(n,n +9) —a, i > cx(n,n+ ) + b or z; # y;.

Example 5.4. If k =2,a=3,b=2, =25 and n = 332, the binary expansions of n and n + § are

(.Z’i)i>0200110010100...
and  (y;)i>0=10100110100...

Their carry distance is c2(332,357) = 5, as indicated in bold red: indeed, x5 < ys, whereas x; = y; for all i > 6.
Consequently, the fibre %5 3 1,25(332) consists of those integers m > 0 whose representation (z;);>0 in base 2 is
a sequence of the form 00e1e0e0100..., where each e may be a 0 or a 1. In other words,

Fa.3.2,25(332) = {264, 268, 280, 284, 328, 332, 344, 348}.
The sets Fy q4.b,5(n), as their name suggests, form a fibration (with duplicates, i.e., a given fibre may be equal
t0 Fi,ab,5(n) for more than one integer n > 0). This is the object of the following two results.
Lemma 5.5. For all integers k 22, a >0, b >0 and 6 > 1, the (k,a,b,d)-fibres form a partition of N.

Proof. Let m be some element of a fibre F o5 6(n), and let (u;)i>0 = (m)x and (vi)iz0 = (m + §)x be the
representations of m and m + ¢ in base k. An immediate induction on ¢ proves that either u; = v; = x; = y;, or
u; = v; # x; =Y, or u; = x; # y; = v;. Consequently, the carry distances cg(n,n + d) and c(m, m + J) coincide
with each other, and so do the fibres Zj, o.5,5(n) and Zy q.5,5(m). The desired result follows. O

Lemma 5.6. For all integers N > 0, there are no more than k*T18log, (N) elements of ¥ whose (k, a, b, §)-fibre
18 not included in X .
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Proof. Consider some integer n < N whose fibre %, 45 5(n) is not included in Xy. Every element of this fibre
is an integer m such that cg(n,m) < cx(n,n + &) + b. Moreover, every integer m such that cx(n,m) < cgx(n, N)
belongs to 3. Consequently, ci(n,n +96) +b > cx(n, N).

Now, let (2;)i>0 = (N)x be the expansion of N in base k. For all integers d > b, the integers n < N such
that cg(n, N) = d are those integers whose expansion (x;);>¢ in base k is such that z4 < z4 and z; = z; for all
i > d + 1. Therefore, there are exactly zqk? such integers n.

Moreover, among any k%% consecutive integers, there are exactly min{k?~° §} integers n such that
ck(n,n+3) = d—b. Therefore, there are at most 0k”z, integers n < N such that cx(n, N) = d < ci(n,n+6) +b.
Summing this for all integers d, there are at most

5kb(20 +21+29+ - ) < (5kb+1 logk(N)

integers n < N whose fibre is not included in Xy. O

Definition 5.7. Let £ > 2, a > 0 and b > 0 be integers, and let u be a block-additive sequence in base k. We
say that u is (a,b)-strongly 2-uncorrelated if, for each integer ¢ > 1, the fibration (F, qp,6(n))n>0 is d-balanced.

As a special case of Proposition 5.2, we obtain the following sufficient criterion for being 2-uncorrelated.

Proposition 5.8. FEvery block-additive sequence that is (a,b)-strongly 2-uncorrelated for some integers a > 0
and b > 0 is 2-uncorrelated.

It remains, however, to decide whether the block-additive sequence u associated with a given function
f: X} — Zy is (a, b)-strongly 2-uncorrelated. A first step in that direction consists in observing that we might
simply choose b = r.

Lemma 5.9. Leta >0, b >0 and r > 1 be integers, and let u be a block-additive sequence with rank r. If u is
(a,b)-strongly 2-uncorrelated, it is also (a,r)-strongly 2-uncorrelated.

Proof. Let k > 2 be the base in which u is block-additive. Since every (k, a,b+ 1, d)-fibre is a disjoint union of
(k,a,b,d)-fibres, the desired result is immediate if b < r.

Conversely, if b > r, consider some (k,a,b+ 1,0)-fibre .#, and let n be the smallest element of .%#. Let
(z:)i>0 = (n)y be its decomposition in base k, and ¢ = ¢ (n,n + J) be its carry distance with with n + 4.

By minimality of n, we have xcy1 = Tcq12 = -+ = 2y = 0. Consequently, .# is the disjoint union of the sets
Frabsn)+ kEStd, where 0 < d < k.

Now, consider some integer m € Fy, 4.p.5(n), some base-k digit d € Xy, and let m' =m + E<tld. Let (zi)ix0,
(yi)iz0, (2:)iz0 and (w;);>o be the decompositions of the integers m, m + 4, m’ and m’ + § in base k. By
construction, we have x; = y; = z; = w; for all ¢ > ¢+ 1, whereas x; = z; and y; = w; for all i < c+b— 1. Since
b > r, it follows that

Uni s = Uy = Y FWiwig1, . Wipo1) = F(2i Zid15 - Zigr—1)
i>0
c
= Z.f(wi7wi+17 s Wigr—1) = f(Zi, Zit1, - Zigr—1)
=0

C
= Z FWiryir1s - Yirr—1) = (@i Tigrs - Tigr—1)
i=0
= Um+§ — Um-
In particular, for all d € Zj, the set {m € F: upmis = um + d} just consists in k copies of the set

{m € Fraps(n): umis = Up, + d}, shifted by kF°. Consequently, if u is (a,b + 1)-strongly 2-uncorrelated,
it is also (a, b)-strongly 2-uncorrelated. O
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It remains to verify whether u is (a,r)-strongly 2-uncorrelated. Below, we present this verification in detail
when (k,a,7) = (2,1, 3). We will then describe this verification in general.

However, before we do so, let us slightly modify the representations of integers that we use. We note ¥
the union ¥j U {L}, and {(n)); the unique sequence (z;);ez with values in ¥j | such that

z; =L foralli<—1andn= Zwiki.

i>0

In other words, the bi-infinite sequence {((n)); consists in an infinity of terms L, followed by the usual
representation (n); of n in base k. This bi-infinite sequence is called the extended representation of n in
base k.

Then, we extend every function f: X} — Zj to X}, , by setting f(x) = 0 whenever x has a coordinate equal
to L. With these new notations, we simply have

Un = Z f(@is Tig1s oo Tigr—1).

S/

Example 5.10. If k =2 a=1,r =3, and f: ¥3 — Zy is a function such that f(0) = 0, let us look at those
constraints that f must satisfy to make its associated block-additive sequence u a (1, 3)-strongly 2-uncorrelated
sequence.

Let x = ((n)2 and y = {(n + J))2 be the extended representations of some integers n and n + ¢ in base 2, and
let ¢ = ca(n,n+ d) be their carry distance. Then, let m be an element of the fibre %5 1 3 5(n), and let z = {(m))
and v = ((m + 0))o. If we set

X =Y f(@i,mip1, Tita)

i<c—4

Y = > (i, vive)
i<c—4

Z = Z f(Zi,Zi+1,Zi+2)
izct+1

and remembering that z. = 0 and y. = 1, we can observe that

Um = X+Z+ f(ZL'c_g,.TC_Q,ZC_l) and Um+s = Y+Z + f(yc—3ayc—23 vc—l)
+ f(®e—2,21,0) + f(Ye—2,vc-1,1)
+ f(Z671707ZC+1) + f(UC71317zC+1>
+ f(07 ZC+1) ZC+2) + f(17 ZC+17 ZC+2)-
Consequently, we consider two cases:

e Ifc>1and xc_1 = yc_1, we have zc_1 = vc_1. Thus, the difference

Umgs — Um = Y — X + f(Ye3,Ye—2, 2c—1) — [(Tc3, T2, 2c—1)
+ f(yC—QaZC—lal) - f(zc—27ZC—170)
=+ f(zc—lvlazc+1) - f(Zc_1,0,2c+1)
+ (1, 2e4152c42) = f(0, 241, 2c42)

must take the value 0 four times and the value 1 four times when z._1, zc+1 and zc4o vary in Zs. Since
the sums X and Y are independent of zc_1, zc11 and zcy2, this amounts to demanding that the difference
(Umts — um) — (Y — X) itself should take the values 0 and 1 equally often.
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That family of differences depends only on the tuple (zc_3,¥yc—3,%c—2,Yc—2), which can have 0, 2 or

4 coordinates L: it can be (L, L, L 1), if (n,n+9) = (0,2); or any tuple (L, L, z,y) with z,y € Z,

if (n,n+0) = (z,44+y); or any tuple (:B y, ' y')in Z5, if (n,n+6) = (2 3z 42720/ 2673y + 272/ 4 2°).
e Ifc=0o0r xc 1 # yc_1, we have z._1 = z._1 and v._1 = y._1. Thus, the difference

Umnts — Um =Y — X + f(We—3,Ye—2,Ye—1) — f(Tc3, T2, Tc—1)
(yC—Qa Ye—1, 1) - f(xC—Q’xC—hO)
(yc 1,1, Zc+l) - f(xc 1,0, Zc+1)
+ J(1, 2eq1, 2e42) — f(0, 2c41, Zeg2)

must take the value 0 twice and the value 1 twice when z.y; and z.io vary in Zs; so must
the difference (umis — tm) — (Y — X). The latter family of differences depends only on the tuple
(Te—3y Y3y T2, Yo—2, Tc—1,Ye—1); as in the previous case, this tuple may be either (L, 1, 1, 1 1), or
of the form (L, 1, 1, 1 x y) with x #y, or (L, L,z,y,2',y") with 2’ # ¢/, or any tuple (z,y,z’,y', 2", y")
in Z$ with 2" # v".

Therefore, overall, checking that u is (1, 3)-strongly 2-uncorrelated amounts to computing finitely 21 families
of 8 differences and 43 families of 4 differences, and checking that each family contains as many Os as 1s.

Here is an intuition about how the previous example may be generalised. When considering the extended
representations of two integers n and n + § with carry distance ¢, we should just focus on a window of width
2r + a — 1 that consists of those digits in positions ¢ — (a +r — 1) to ¢+ (r — 1), and identify this window with
a tuple in Zi?“_l. We shall then look at similar representations for the integers m and m + ¢ obtained when
m varies in F, 4, 6(n); in each case, we will focus on the difference (w45 — um) — (Y — X), and demand that
this difference takes every value in Zj; with the same frequency.

Formalising this intuition provides us with the following definition.

Definition 5.11. Let £ > 2, a > 0 and 7 > 1 be integers, let w = 2r+a —1, and let f: ¥} — Z;, be a function.
For each tuple x = (zg, x1, - . .,xw_l) in 3}, , let f(x) be the sum
w—=r
Z f@is Tig1s s Tigr—1)-
i=0
We say that a tuple x = (2, Z1,...,2Tw—1) In XY, is well-formed if there exists an integer ¢ < w — r such

that z; = L for all i <t —1 and x; € ¥, for all ¢ > ¢; in that case, t is called the weight of x. Then, we say
that two well-formed tuples x and y in X}’, are related if (i) they have the same weight; (ii) Zw—r < Yw—r;
(iii) x; = y; whenever w —r < i < w.

Given two related tuples x and y with weight ¢, we call tuple fibre of the pair (x,y) the set .7 (x,y) that
consists of those pairs (z,v) of related tuples in X} such that (i) z; =v; = L for all ¢ <t —1; (ii) 2, = z; and
v; = y; whenever ¢ < r — 1 or z; # y;; (iii) 2; = v; whenever i > r and z; = y;.

Finally, the function f is called a-strongly 2-uncorrelated if, for every tuple fibre %, the k sets given by
{(z,v) € Z(x,y): f(v) = f(z) +d}, where d € Zj, have the same cardinalities.

Theorem 5.12. Let k> 2, a > 0 and r > 1 be integers, let f: X} — Zy, be a function such that f(0) =0, and
let u be the block-additive sequence associated with f. The sequence u is (a,r)-strongly 2-uncorrelated if and
only if [ is a-strongly 2-uncorrelated.

Proof. Let w = 2r+a—1. Then, let n > 0 and § > 1 be integers, and let (z;);cz = (n)x and (y;)icz = (n+ )k
be the extended representations of n and n + § in base k. Also, let ¢ = ¢ (n,n + ) be their carry distance, and
let Q={i€Z:c—(a+r—1)<i<c+(r—1)}. We map the pair (n,n+ J) to the pair of related tuples (x,y)
in 3}, given by x = (z;)icq and y = (¥i)icq-
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Let ¢ be this mapping, so that ¢: (n,n + ) — (x,y). By construction, ¢ induces a bijection from the set
{(m,m+98): m € Py 4.rs(n)} to F(x,y). Moreover, if we set

X = Z f@i, i, i),

i<c—(a+r)

Y = Z fWis Yis1, -+, Yigr—1) and
i<c—(a+r)

Z= Z f@i, i1, Tigr—1),
izc+1

and if we note (z,v) the pair ¢(m, m + ¢), we can observe, as in Example 5.10, that

(Umts = um) = (Y = X) = f(v) = f(2).

Consequently, the (k, a,r,d)-fibre F, 4.5(n) is -balanced for u if and only the & sets {(z,v) € Z(x,y): f(v) =
f(z) + d} where d € Zj, have the same cardinalities.

It remains to prove that every tuple fibre .#(x,y) is the image of some set {(m,m +d): m € Fy o, s(n)}
by ¢ or, equivalently, that every pair of related tuples (x,y) in X, is the image of some pair (n,n + ) by ¢.
This last step is straightforward. Indeed, if ¢ is the weight of both well-formed tuples x = (zo, z1, ..., Tw—1) and
vy = (Yo, ¥1,- -, Yw—1), it suffices to choose

w—1 w—1

n= Z k' tr, and n+6 = Z k. O

i=t 1=t

Finally, the usefulness of the notion of (a, r)-strong 2-correlation comes from the following partial classification
result.

Theorem 5.13. Let k > 2, r > 1 and £ > 2 be integers, and let u be the block-additive sequence associated with
a function f: X} — Zj, such that f(0) = 0.

1. If r =1, the sequence u is f-correlated.

2. Ifk=2,2<r <5 and 2 < £ < 3, the sequence u is (-uncorrelated if and only if it is (r — 2, r)-strongly
2-uncorrelated.

8. Ifk=2,2<r <5 and { > 4, the sequence u is {-correlated.

4. If k=3 and 2 < r < 3, the sequence u is 2-uncorrelated if and only if it is (0,2)-strongly 2-uncorrelated.

5. Ifk=3,2<r <3 and ¢ > 3, the sequence u is {-correlated.

Proof. The proof of points 2 to 5 is computation-intensive, yet conceptually straightforward. It simply follows
from an exhaustive search among the k¥ ~! possible functions f and associated sequences u: in cases 2 and 4,
Theorem 5.12 allows us to detect some (r — 2, r)-strongly 2-uncorrelated sequences u, which are thus 2- or even
3-uncorrelated; the other sequences treated in cases 2 and 4, and every sequence treated in cases 3 and 5, are
proved to be f-correlated by using Theorem 4.1 and Algorithm 1.

The code we used is available at [10].

https://github.com/VincentJuge1987/AutomaticSequences.

It uses Lemma 6.2 and similar acceleration techniques (e.g., identifying as ¢-correlated entire classes of functions
whose differences are generated by the function g of Lemma 6.1, or by similar functions), thereby tackling cases
2 and 4 in 20 minutes, and cases 3 and 5 in 10 hours, on the authors’ personal computers.
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Thus, we focus on proving point 1. With that goal in mind, let us assume that r = 1. If k = 2 and f(1) = 0, we
know that u, = 0 for all n > 0, so that freq(y ;)({(0,0)}) = 1. If k = 2 and f(1) = 1, we know that u, 1 —u, =1
whenever n € 2N or n € 8N + 3, so that freq(p 1)((0,1) + Z21) > 5/8. Thus, in both cases, u is 2-correlated.

Now, let us assume that & > 3. For all s <k —2, let Ag(s) = f(s+1) — f(s). If Ay coincides on two base-k
digits s and ¢ smaller than k£ — 1, we can observe that u,1 —u, = Af(s) (mod k) whenever n = s ort (mod k).
Consequently, in that case, we have freq?o)l)((o, Ay(s)) +Zi1) > 2/k, and u is 2-correlated.

If, however, Ay is injective, let d be the unique element of Zj, that does not belong to the range of A¢. There
exists at most one base-k digit, say so, such that so < k—1 and Ay(so) + f(0) — f(k — 1) = d. For every other
base-k digit s < k — 1, and whenever n = sk + k — 1 (mod k?), we still have u,41 — up, = Ap(s) + f(0) —
f(k = 1) # d (mod k). Thus, Z[,)((0,d) + Zx1) is a subset of k®N + {so,k — 1}k + (k — 1), and
freq(o,1)((0,d) + Zx1) < 2/k?, so that u is 2-correlated. O

6. RELATIONS BETWEEN UNCORRELATED SEQUENCES

Theorem 5.13 allows to compute the exhaustive list of binary functions of rank 3 for which the associated
sequence is 3-uncorrelated. It turns out that there are 40 such functions, among the 27 = 128 binary functions of
rank 3 satisfying f(0,0,0) = 0. Thanks to the following general lemmas, we can, however, match the functions
in groups of two, or even eight functions.

Lemma 6.1. Let k > 2, £ > 2 and r > 2 be integers. Let g: Zj, — Zj, be the function defined by
g(ai,...,a.) = a; — ag,

and let f: Zj, — Zy be a function such that f(0) = 0. The sequence associated with f is £-uncorrelated if and
only if the sequence associated with f + g is £-uncorrelated.

Proof. Let u, v and w be the sequences associated with f, g and f + g. By definition of g, for every inte-
ger n > 0 with base-k expansion (z;);>0, we can observe that v, = Z@o Z; — Ti+1 = xo. This means that
v, =n (mod k). Consequently, for every increasing tuple § € N¢ and every integer n > 0,

Wnys = Unts + Vnis = Unps + 11+ 6.

In particular, for every tuple s € Zi, the term w,1gs belongs to s + Z;1 if and only if u,,s belongs to
(S - 5) + Z 1.

If u is {-uncorrelated, Proposition 3.2 states that freqy(s + Zzl) = k'=*. Tt follows that
freqy ((s+0) +Z,1) = k*~*. The tuple d being fixed, and by letting s vary in Z¢, it follows that freq} (t +7Z;1) =
k'=* for all tuples t € Zi. The latter equality being valid for all initial tuples § € N¢, Proposition 3.2 again
proves that w is f-uncorrelated.

Finally, if w is £-uncorrelated, the same reasoning proves that the sequence w + v is £-uncorrelated. Repeating
this argument, the sequences w + 2v, w + 3v, ... are all f-uncorrelated. Hence, the sequence u = w + (k — 1)v
is itself f-uncorrelated. ]

Lemma 6.2. Letk > 2, a >0 and r > 2 be integers. Consider some integer i < v and some element q of Zy,
and let pi—q: Zj, — Zy, be the selection-projection function defined by

1 lfaz =4q;
pi—>q(a15-~-aan) =

0 otherwise.

Finally, let f: Z} — Zy be a function such that f(0) = 0. If g # 0, the sequence associated with f is (a,r)-
strongly 2-uncorrelated if and only if the sequence associated with f + pi—q is (a,7)-strongly 2-uncorrelated.
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Proof. Let u and v be the sequences associated with f and f + p;—4, and let w = 2r + a — 1. Let us assume
that u is (a,r)-strongly 2-uncorrelated. Theorem 5.12 proves that f is a-strongly 2-uncorrelated, and we shall
prove that so is f + pi;—4. To do that, let us extend p;_,4 to tuples in Z} | by setting p;—4(x) = 0 whenever x
has a coordinate equal to L.

For all pairs of related tuples (x,y) = (20,21, Tw—-1), (Y0, Y1, -, Yw—1)) and (z,v) = ((20, 21, - - -, Zw—1)s
(v, v1,...,Vp—1)) In X}, such that (z,v) belongs to the tuple fibre .#(x,y), note that p;_4(x) is equal to the
number of coordinates z; such that i < j < w—r+iand z; = ¢; the numbers p;—4(y), pi—q(2z) and p;_4(v) can
be expressed similarly. But then, for each such index j, either (z; = y; and z; = w;) or (z; = z; and y; = v;),
so that the j*" coordinate does not contribute to the sum (p;—4(y) — Pissq(X)) — (Pimsq(V) — Pisq(2)).

Therefore, for each d € Zj, the sets

{(z,v) € Z(x,5): (f +Pisg) (V) = (f + Pinsq)(2) + d}
and
{(z,v) € Z(x,y): f(v) = f(2) + d+ pimg(x) = ping(t)}
coincide with each other. Thus, the k sets obtained when d € Zj; have the same cardinalities. This means that
f + pimsq is a-strongly 2-uncorrelated, i.e., that v is (a, r)-strongly 2-uncorrelated.
Conversely, if v is (a,r)-strongly 2-uncorrelated, so are the sequences associated with each function of the
form f+ Ap;—q when A > 1; choosing A = £ provides us with the function f itself, which completes the proof. [
Using the above observations, we can group the 3-uncorrelated binary functions of rank 3 in only 5 different

classes of functions, each of cardinality 8. A representative from each class is given in the table below: every
binary function of rank 3 associated with a 3-uncorrelated sequence can be written as

f+e€1p1o1 + €2pa—s1 + €3p3-1,

where f is one of the five functions from the table below, and €1, €2, €3 € Zs.

Expression of f(x1,x2,x3) | Patterns counted by f
1 Xr1To 11e
2 123 lel
3 x1(xg + x3) 101l and 110
4 (r1 + z2)z3 01land 101
5 (21 + z2)(x2 + x3) 010and 101

Note that the first function is in fact a function of rank 2, and the associated sequence is the Golay-Shapiro
sequence, as mentioned in Example 3.4.

Similarly, we can group the 2-uncorrelated ternary functions of rank 2 in one single class of functions, of
cardinality 2 x 3*. These are the functions of the form

eof + €1p1o1 + €2Pp152 + €3P2—1 + €4Pa—s2,

where f(x1,22) = x129 is associated with the generalised Golay-Shapiro sequence, €j is a non-zero element of
Zs, and €1, €9, €3,€4 € Zs3.
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7. DISCUSSION AND QUESTIONS

Theorem 5.13 provides a complete picture of the correlation properties of binary block-additive sequences of
rank r < 5, and ternary sequences of rank r < 3. As a consequence of Theorem 3.3, we have proven the existence
of binary block-additive sequences that are 3-uncorrelated, but we have not found any 4-uncorrelated block-
additive sequences, so that the existence of an ¢-uncorrelated sequence for £ > 4 remains an open question. An
interesting approach would be to extend the notion of strongly /-uncorrelated sequences to integers ¢ > 3 and
to see if the sufficient criterion thus obtained could provide some examples. Observe also that our exhaustive
search has shown that the reciprocal of Proposition 5.8 is true for binary and ternary sequences of small rank,
that is to say, all the 2-uncorrelated sequences of small rank (r < 5 for k = 2, r < 3 for k = 3) are (a, b)-strongly
2-uncorrelated for some integers a > 0 and b > 0. We believe that this property holds more generally but it
remains to be proven.

Another possible extension of our work would be to study block-additive sequences of dimension greater than
or equal to 2. In the same vein as the results on multi-dimensional sequences presented in [3], we can expect
that all our results will adapt to the higher dimension without particular difficulty.

Data Availability Statement. The research data/code associated with this article are available in Zenodo, under the reference
doi:10.5281/zenodo.10792181.
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